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1. Introduction

The investigation of non-trivial solutions of systems of symmetric diagonal equa-
tions has a long and distinguished history (see [4, 5]), and raises interesting ques-
tions concerning both the density of rational points on algebraic varieties, and the
theory of the Hardy-Littlewood method (see [15]). When the number of variables is
not too large compared with the underlying degrees, it is believed that the number
of diagonal solutions of such systems exceeds the corresponding number of non-
diagonal solutions. Let us illustrate this idea with the example which lies at the
heart of our paper. Denote by Sk(P ) the number of integral solutions of the system

uk
1 + uk

2 + uk
3 = vk

1 + vk
2 + vk

3 ,

u1 + u2 + u3 = v1 + v2 + v3,
(1.1)

with 1 ≤ ui, vi ≤ P (1 ≤ i ≤ 3), and let T (P ) denote the corresponding number of
trivial solutions of (1.1), which is to say, the number of solutions for which the ui

are a permutation of the vj . Plainly, T (P ) = 6P 3 + O(P 2), and so the conjecture
alluded to above implies that Sk(P )−T (P ) = o(P 3). Greaves [7] has very recently
established just such an asymptotic formula by pursuing a treatment related to
earlier sieving methods of Greaves [6] and Hooley [8, 9, 10, 11]. By using the large
sieve in combination with Weil’s resolution of the Riemann Hypothesis for curves
over finite fields, Greaves [7] has established for k ≥ 4 the upper bound

Sk(P )− T (P ) �ε,k P
17/6+ε.

In this paper, through an essentially elementary method which avoids any use of
sieves or reference to the Riemann Hypothesis for varieties over finite fields, we
establish the estimate for Sk(P )− T (P ) contained in the following theorem.
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Theorem. When k is an integer exceeding 3, and P is a positive real number,

Sk(P )− T (P ) �ε,k P
8
3+ 1

k−1+ε. (1.2)

Consequently, when k ≥ 5 one has the asymptotic formula

Sk(P ) = 6P 3 +Oε,k(P
8
3+ 1

k−1+ε).

We note that the above theorem provides estimates superior to those of Greaves
[7] when k ≥ 8, and provides non-trivial estimates for k ≥ 5. In the cases k = 2 and
k = 3 the behaviour of Sk(P ) is better understood. Rogovskaya [12], improving on
work of Bykovskii, has shown that

S2(P ) =
18
π2
P 3 logP +O(P 3),

and Vaughan and Wooley [15, Theorem 1.2] have established the bounds

P 2(logP )5 � S3(P )− T (P ) � P 2(logP )5.

Moreover, as is noted in the introduction of Greaves [7], in the cases k = 4 and k = 5
the existence of dilations of known integral solutions leads to the lower bounds

Sk(P )− T (P ) � P (k = 4, 5).

Indeed, Bremner [3] has found a method which yields large families of parametric
solutions of the system (1.1) in the case k = 5.

In order to prove our theorem we generalise the efficient slicing method developed
in our work [14] on sums of two kth powers. In essence our argument consists of
three steps. First we show that the number of solutions of the system (1.1) counted
by Sk(P ) − T (P ) may be estimated in terms of the number of solutions of an
auxiliary equation of the shape

xF (x, y, h) = G(z, w, h), (1.3)

for suitable polynomials F and G, and with each of the variables lying in a box
of size comparable to P . Next, in the second step, we use an appropriate version
of Siegel’s lemma to establish the existence of linearly independent integral vectors
(ai, bi, ci, di) (i = 1, 2), with components of size about P 1/3, for which aih+ biw =
ciz+dix (i = 1, 2). Except in circumstances in which certain variables are small, it
is then possible to eliminate h and w from the equation (1.3) by summing over all
possible choices of the slicing variables ai, bi, ci and di. Moreover by homogeneity,
and by exploiting a coprimality condition which may be imposed on x and z, one
deduces from (1.3) that x must be a divisor of a function of the slicing variables
alone. The latter implies that x is determined rather efficiently within our slicing
argument. Finally, in the third step, we estimate the number of solutions y, z of
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(1.3), for fixed values of x and the slicing variables, by appealing to a result of
Bombieri and Pila [1, Theorem 5] on the number of integral points on a plane affine
curve. In this way we obtain an estimate for Sk(P ) − T (P ) which is roughly the
product of the cardinality of the set of slicing variables, and the number of points
on the affine curve resulting from our slicing argument.

It may be possible to generalise our efficient slicing argument so as to obtain
non-trivial estimates, when 1 ≤ k1 < k2 < · · · < kt, for the number of integral
solutions of the system of equations

x
kj

1 + · · ·+ x
kj

t+1 = y
kj

1 + · · ·+ y
kj

t+1 (1 ≤ j ≤ t),

with 1 ≤ xi, yi ≤ P (1 ≤ i ≤ t + 1). Of the three steps outlined above which
comprise our basic method, the first may be handled as in the treatment of Wooley
[16], and the second through a suitable extension of Lemma 2.2 of this paper. Only
the third step, which depends for its success on the absolute irreducibility of a
certain polynomial, causes serious difficulties. Nonetheless, we believe that this
paper provides a reasonable framework with which to work towards a solution of
such problems.

In §2 below we establish the inhomogeneous version of Siegel’s Lemma which
forms the foundation of our slicing argument. We also record in that section the ab-
solute irreducibility criteria required in our application of the estimate of Bombieri
and Pila. Then, in §§3, 4 and 5, we conduct the proof of our theorem according to
the plan laid out above, dividing into cases in §§4 and 5 according to whether k is
odd or even.

The authors gratefully acknowledge the inspiration they have received from cor-
respondence with George Greaves on the subject of sieve methods and their appli-
cation to the non-trivial solutions of diagonal equations. We thank also the referee
for a number of comments which have improved the exposition of this paper, and
in particular, for bringing to our attention a significant oversight in our original
proof of Lemma 4.1.

Throughout this paper k will denote a positive integer, and ε will denote a
sufficiently small positive number. Also, � and � denote Vinogradov’s well-known
notation, and [x] denotes the largest integer not exceeding x.

2. Preliminary lemmata

The first two lemmata of this section are devoted to a proof of an inhomoge-
neous version of Siegel’s Lemma suitable for our application in §§4 and 5. What is
needed is a lemma which establishes the existence of two small linearly independent
solutions of a linear equation with coefficients which potentially may be of different
magnitudes. Thus, while Bombieri and Vaaler [2, Theorem 2] provides such a con-
clusion of use when the coefficients are of comparable size, we must work a little
harder for our slightly sharper conclusion. We start by providing a lower bound for
the number of integral solutions of a linear equation inside a normalised box.
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Lemma 2.1. Let s ≥ 2, and let Q1, . . . , Qs be positive real numbers. Suppose that
x1, . . . , xs are integers with 1 ≤ |xi| ≤ Qi (1 ≤ i ≤ s). Then, for t ≥ 2, the equation
a1x1 + · · ·+ asxs = 0 has at least [t/2] non-zero integral solutions (a1, . . . , as) with

|ai| ≤ Q−1
i (stQ1 . . . Qs)1/(s−1) (1 ≤ i ≤ s). (2.1)

Proof. Write Q = (stQ1 . . . Qs)1/(s−1) and N =
∑s

i=1Qi[Q/Qi]. Let x1, . . . , xs be
integers satisfying the hypothesis of the lemma. When n is a positive integer, let
r(n;x) denote the number of representations of n by the linear expression

b1x1 + · · ·+ bsxs, (2.2)

with 0 ≤ bi ≤ Q/Qi (1 ≤ i ≤ s). Since r(n;x) is zero unless 0 ≤ |n| ≤ N , we
deduce that ∑

0≤|n|≤N

r(n;x) =
s∏

i=1

([Q/Qi] + 1) .

But it follows from the equation

s−1
s∑

j=1

s∏
i=1
i 6=j

Q/Qi = t
s∑

j=1

Qj ,

that ∑
0≤|n|≤N

r(n;x) > t
s∑

j=1

Qj ([Q/Qj ] + 1) > 1
2 t(2N + 1).

Consequently there exists an integer n with 0 ≤ |n| ≤ N for which r(n;x) > 1
2 t.

Let n0 be any such integer, and let b(i) (1 ≤ i ≤ [t/2] + 1) be distinct s-tuples for
which the expression (2.2) represents n0. When 1 ≤ j ≤ s and 2 ≤ i ≤ [t/2] + 1,
write a(i)

j = b
(i)
j − b(1)j . Then since the b(i) are distinct, we deduce that the a(i), for

2 ≤ i ≤ [t/2]+1, are distinct non-zero solutions of the equation a1x1+· · ·+asxs = 0
satisfying (2.1). This completes the proof of the lemma.

Next we show that inside a normalised box of sufficiently large size, there cannot
be too many linearly dependent solutions of a linear equation, whence there exist
two “small” linearly independent solutions.

Lemma 2.2. Suppose that s ≥ 3, and that Q1, . . . , Qs are positive real numbers.
Let x1, . . . , xs be integers with 1 ≤ |xi| ≤ Qi (1 ≤ i ≤ s). Then there exists a real
number X with

1 ≤ X ≤ (2sQ1 . . . Qs)1/(s−1)

such that the equations

a1x1 + · · ·+ asxs = b1x1 + · · ·+ bsxs = 0,
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are soluble in integers ai, bi (1 ≤ i ≤ s) with a 6= ±b,

(a1, . . . , as) = (b1, . . . , bs) = 1,

and
|ai| ≤ Q−1

i X, |bi| ≤ Q−1
i (6sQ1 . . . Qs/X)1/(s−2) (1 ≤ i ≤ s).

Proof. Let Q = (2sQ1 . . . Qs)1/(s−1). Also, let A = A(x) denote the set of all
non-zero integral solutions a of the equation

a1x1 + · · ·+ asxs = 0 (2.3)

with (a1, . . . , as) = 1. It follows from Lemma 2.1 that such a solution a exists with
|ai| ≤ Q−1

i Q (1 ≤ i ≤ s). When a ∈ A, define the height function H by

H(a) = max
1≤i≤s

Qi|ai|.

Let X = mina∈AH(a), and denote by a∗ any fixed element of A with H(a∗) = X.
Also, let Y = (6sQ1 . . . Qs/X)1/(s−2). We note that since 1 ≤ X ≤ Q, we have
Y > Q, and hence H(a∗) < Y .

We suppose that for every b ∈ A, either b = ±a∗, or H(b) > Y . If we de-
rive a contradiction, then the conclusion of the lemma will follow. When Z is a
positive number, define N(Z) = N(Z;x) to be the number of non-zero solutions
a of the equation (2.3) with H(a) ≤ Z, and define N∗(Z) = N∗(Z;x) to be the
corresponding number of solutions with (a1, . . . , as) = 1. Thus

N(Y ) =
∑

1≤d≤Y

N∗(Y/d). (2.4)

Observe that N∗(Z) is zero when Z < X, and by hypothesis N∗(Z) = 2 when X ≤
Z ≤ Y (since, in such circumstances, N∗(Z) counts only the solutions a = ±a∗).
Then from (2.4),

N(Y ) =
∑

1≤d≤Y/X

2 ≤ 2Y/X. (2.5)

But an application of Lemma 2.1 with t = 2(3Q/X)(s−1)/(s−2) yields

N(Y ) ≥
[
(3Q/X)(s−1)/(s−2)

]
. (2.6)

On combining (2.5) and (2.6) we obtain

(3Q/X)(s−1)/(s−2) − 1 ≤ 2 · 31/(s−2)(Q/X)(s−1)/(s−2),

which implies a contradiction. This completes the proof of the lemma.

We now establish estimates for the number of integral points on certain plane
affine curves. We require estimates independent of the coefficients of the polynomi-
als defining the curves. Fortunately such estimates are given by Bombieri and Pila
[1, Theorem 5], provided that the latter polynomials are absolutely irreducible. In
Lemmata 2.3 and 2.5 below we record the necessary criteria for absolute irreducibil-
ity. The first criterion stems from work of Schmidt, and the second we establish by
a fairly standard argument following closely the proof of [14, Lemma 2.4].
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Lemma 2.3. Let

f(x, y) = g0y
d + g1(x)yd−1 + · · ·+ gd(x),

be a polynomial with coefficients in a field K, and suppose that g0 is a non-zero
constant. Put

ψ(f) = max
1≤i≤d

1
i
deg(gi),

and suppose that ψ(f) = m/d with (m, d) = 1. Then f(x, y) is absolutely irre-
ducible.

Proof. This is Theorem III.1B of Schmidt [13].

Lemma 2.4. Let p(y) and r(x) be polynomials with integral coefficients, of respec-
tive degrees k and m, and let q(x, y) be a polynomial with integral coefficients of
total degree l. Suppose, in addition, that k > m > l + 1 and (k,m) = 1. Then the
number, N(X; p, q, r), of solutions of the diophantine equation

p(y) + xyq(x, y) + r(x) = 0,

with 0 ≤ x, y ≤ X, satisfies N(X; p, q, r) �k,ε X
1/k+ε.

Proof. We apply Lemma 2.3 with f(x, y) = p(y) + xyq(x, y) + r(x), noting that
ψ(f) = max {m/k, α}, where

α ≤ max
0≤j≤l

l − j + 1
k − j − 1

=
l + 1
k − 1

<
m

k
.

Thus ψ(f) = m/k with (m, k) = 1, and so p(y) + xyq(x, y) + r(x) is absolutely
irreducible. It therefore follows from Bombieri and Pila [1, Theorem 5], as in the
argument of the proof of [14, Corollary 2.3.1], that

N(X; p, q, r) �k X
1/k exp

(
12(k logX log logX)1/2

)
,

whence the lemma follows immediately.

Lemma 2.5. When a1, a2, b1 and b2 are non-zero integers with a1 6= a2, define
the polynomial f(u, v, h) = f(u, v, h;a,b) by

f(u, v, h) =
(
(h− a1)k + (h− b1u)k − (h− a1 − b1u)k

)
−

(
(h− a2)k + (h− b2v)k − (h− a2 − b2v)k

)
.

Then when k ≥ 2, there exists a set H = H(a,b), with cardinality at most k3, with
the property that for each fixed non-zero h with h /∈ H, the polynomial f(u, v, h) is
absolutely irreducible in Q[u, v].

Proof. We start by observing that without loss of generality, we may suppose that
b1 = b2 = 1. Write G(ξ1, ξ2, ξ3) = ξk−1

3 f(ξ1/ξ3, ξ2/ξ3, h). Then by using a standard
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argument, as in the proof of [14, Lemma 2.4], it follows that f(u, v, h) is absolutely
irreducible in Q[u, v] provided that there are no non-trivial solutions ξ ∈ C3 of the
system

G =
∂G

∂ξ1
=
∂G

∂ξ2
= 0. (2.7)

Suppose that ξ = η is a solution of the system (2.7). When η3 = 0 the equations
(2.7) imply that η1 = η2 = 0, and so there are no non-trivial solutions with η3 = 0.
We may therefore take η3 = 1, and then the equations (2.7) imply that

(h− ηi)k−1 = (h− ai − ηi)k−1 (i = 1, 2),

whence for i = 1, 2, one has h− ηi = ωiai/(ωi− 1), where ωi is some (k− 1)th root
of unity with ωi 6= 1. Re-substituting into (2.7), we finally deduce that f(u, v, h)
is absolutely irreducible unless, for some (k − 1)th roots of unity ωi with ωi 6= 1
(i = 1, 2), the equation

(h− a1)k + ak
1(ω1 − 1)1−k = (h− a2)k + ak

2(ω2 − 1)1−k (2.8)

is satisfied. The proof of the lemma is completed on noting that when a1 6= a2, for
fixed ωi (i = 1, 2), there are at most k − 1 solutions, h, of (2.8).

Lemma 2.6. Let a1, a2, b1, b2 be fixed non-zero integers, and define f(u, v, h;a,b)
as in the statement of Lemma 2.5. Then when a1 6= a2, the number, M(X; f), of
solutions of the diophantine equation f(u, v, h;a,b) = 0 with 1 ≤ |u|, |v|, |h| ≤ X,
satisfies M(X; f) �ε,k X

k/(k−1)+ε.

Proof. Suppose that a1 6= a2, and define the set H(a,b) as in the statement of
Lemma 2.5. Denote by M1(X; f) the number of solutions u, v, h of the equation
f(u, v, h;a,b) = 0, with 1 ≤ |u|, |v|, |h| ≤ X and h /∈ H(a,b), and denote by
M2(X; f) the corresponding number of solutions with h ∈ H(a,b). Thus

M(X; f) = M1(X; f) +M2(X; f). (2.9)

We start by noting that when h 6∈ H(a,b), then by Lemma 2.5 the polynomial
f(u, v, h) is absolutely irreducible in Q[u, v]. Moreover, f(u, v, h) has degree k − 1
as a polynomial in u and v. It therefore follows from Bombieri and Pila [1, Theorem
5], as in the proof of [14, Corollary 2.4.1], that

M1(X; f) �ε,k

∑
1≤|h|≤X

X1/(k−1)+ε �ε,k X
k/(k−1)+ε. (2.10)

Meanwhile, for each fixed h ∈ H(a,b), a trivial estimate shows that there are at
most (k − 1)X integral solutions u, v of the equation f(u, v, h) = 0. Consequently,
on noting that the cardinality of H is at most k3, we deduce that

M2(X; f) � k
∑
h∈H

X �k X. (2.11)

The lemma follows on combining (2.9), (2.10) and (2.11).
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3. The execution of the plan: prelude

When k ≥ 4, let Nk(P ) denote the number of solutions of the system

uk
1 + uk

2 + uk
3 = vk

1 + vk
2 + vk

3 ,

u1 + u2 + u3 = v1 + v2 + v3,
(3.1)

with 1 ≤ ui, vi ≤ P (1 ≤ i ≤ 3), and satisfying the condition that (u1, u2, u3) is
not a permutation of (v1, v2, v3). As observed by Greaves [7], the latter condition
ensures that ui = vj for no i and j. For suppose, to the contrary, that u, v is a
solution counted by Nk(P ) with ui = vj for some i and j. Since (u1, u2, u3) is not
a permutation of (v1, v2, v3), by relabelling variables we may suppose that u3 = v3
and u1 > v1 ≥ v2 > u2. On writing

g(u, v) =
k−1∑
r=0

urvk−1−r, (3.2)

we deduce from (3.1) that

g(u1, v1) =
uk

1 − vk
1

u1 − v1
=
vk
2 − uk

2

v2 − u2
= g(u2, v2). (3.3)

But on recalling that u2 < u1 and v2 ≤ v1, it follows from (3.2) that g(u1, v1) >
g(u2, v2), contradicting (3.3), and establishing the above assertion.

We will find it useful to estimate at this stage the number, N∗
k (P ), of solutions

u, v counted by Nk(P ) in which u3 = v1 +v2. For any such solution it follows from
(3.1) that in addition one has v3 = u1 + u2. Then by substituting into (3.1), we
deduce that N∗

k (P ) is bounded above by the number of solutions of the equation

(u1 + u2)k − uk
1 − uk

2 = (v1 + v2)k − vk
1 − vk

2

with 1 ≤ ui, vi ≤ P (i = 1, 2). Since the polynomial (x+ y)k − xk − yk is divisible
by both x and y, it follows by using standard estimates for the divisor function
that for any fixed v1 and v2, there are Oε,k(P ε) possible choices for u1 and u2.
Consequently,

N∗
k (P ) �ε,k P

2+ε. (3.4)

For each solution u, v counted by Nk(P )−N∗
k (P ), we define the integers x, y,

z, w and h by

x = u1− v3, y = u2− v3, z = v1−u3, w = v2−u3 and h = v1 + v2. (3.5)

We note that the definitions (3.5), together with the linear equation of (3.1), imply
that

2u1 = h+ z + w − 2y, 2u2 = h+ z + w − 2x, 2u3 = h− z − w, (3.6)
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2v1 = h+ z − w, 2v2 = h− z + w, 2v3 = h+ z + w − 2x− 2y. (3.7)
Since ui = vj for no i and j, and u2 + u3 > 0, it follows from (3.6), (3.7) and (3.1)
that

xyzw 6= 0, x 6= z, x 6= w, x 6= h. (3.8)
Moreover, on recalling that for solutions counted by Nk(P )−N∗

k (P ) one has u3 6=
v1 + v2, it follows from (3.6) and (3.7) that

h+ z + w 6= 0. (3.9)
Write

F (α, β, γ) = (γ + α− β)k + (γ − α+ β)k − (γ − α− β)k. (3.10)
Then we deduce from (3.1), (3.4), (3.6) and (3.7) that

Nk(P ) ≤Mk(2P ) +N∗
k (P ) = Mk(2P ) +Oε,k(P 2+ε), (3.11)

where Mk(Q) denotes the number of solutions of the equation
F (x, y, h+ z + w − x− y) = F (z, w, h), (3.12)

with the variables satisfying (3.8), (3.9) and
1 ≤ |x|, |y|, |z|, |w|, |h| ≤ Q. (3.13)

The argument which yields our theorem takes on a different character according
to whether k is odd or even. We treat these respective cases in two lemmata in
§§4 and 5 below. Before embarking on the statement and proof of these lemmata,
we note a useful property of the polynomial F . An application of the multinomial
theorem to (3.10) yields

(γ + α+ β)k − F (α, β, γ) =
∑

r+s+t=k
r≥0,s≥0,t≥0

k!
r!s!t!

γrαsβtεrst,

where
εrst = 1 + (−1)s+t − (−1)s − (−1)t.

On noting that εrst is zero unless s and t are both odd, and noting that in conse-
quence r must have the same parity as k, we deduce that when k is even,

(γ + α+ β)k − F (α, β, γ) = αβΨk(α, β, γ), (3.14)
where

Ψk(α, β, γ) = 4
∑

r+s+t=(k−2)/2
r≥0,s≥0,t≥0

k!
(2r)!(2s+ 1)!(2t+ 1)!

γ2rα2sβ2t, (3.15)

and when k is odd,
(γ + α+ β)k − F (α, β, γ) = αβγΦk(α, β, γ), (3.16)

where

Φk(α, β, γ) = 4
∑

r+s+t=(k−3)/2
r≥0,s≥0,t≥0

k!
(2r + 1)!(2s+ 1)!(2t+ 1)!

γ2rα2sβ2t. (3.17)

We note for future reference that for real values of α, β and γ, the polynomial
Ψk(α, β, γ) is zero if and only if α = β = γ = 0, and likewise for Φk(α, β, γ).
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4. Execution of the plan: the odd case

When k is odd our theorem follows from (3.11) in combination with Lemma 4.1
below. Throughout, implicit constants in the notations of Landau and Vinogradov
will depend at most on k, and the positive number ε.

Lemma 4.1. Let k be an odd integer with k ≥ 5. Then

Mk(Q) � Q
8
3+ 1

k−1+ε.

Proof. For the sake of convenience we write

Ωk(x, y, z, w, h) = y(h+ z + w − x− y)Φk(x, y, h+ z + w − x− y). (4.1)

Then on recalling (3.12), we find from (3.16) that Mk(Q) is equal to the number of
solutions of the equation

xΩk(x, y, z, w, h) = zwhΦk(z, w, h), (4.2)

with x, y, z, w, h satisfying (3.8), (3.9) and (3.13).
Since k is odd, it follows from (3.17) that Φk(α, β, γ) is a symmetric function of

the variables α, β, γ. Moreover it follows immediately from (4.1) that for each x
and y the polynomial Ωk(x, y, α, β, γ) is also symmetric in α, β, γ. Thus if x, y, z,
w, h is any solution of (4.2) counted by Mk(Q), we may relabel z, w and h so that
the pairwise highest common factors with x satisfy the condition

(z, x) ≥ max{(w, x), (h, x)} and
(
w,

x

(z, x)

)
≥

(
h,

x

(z, x)

)
. (4.3)

Write d = (x, z), e = (x/d,w), f = (x/(de), h), and put

x1 = x/(def), z1 = z/d, w1 = w/e, h1 = h/f. (4.4)

Then (x1, z1w1h1) = 1, and from (4.3) one has d ≥ e ≥ f . On substituting into
(4.2) we obtain

x1Ωk(defx1, y, dz1, ew1, fh1) = z1w1h1Φk(dz1, ew1, fh1). (4.5)

We now relate Mk(Q) to the number of solutions of the equation (4.5) satisfying
various conditions. Let S0(d, e, f) denote the number of solutions (x1, y, z1, w1, h1)
of the equation (4.5) with

1 ≤ |x1| ≤ Q/(def), (4.6)

1 ≤ |y| ≤ Q, (4.7)

1 ≤ |z1| ≤ Q/d, (x1, z1) = 1, z1 6= efx1, (4.8)

1 ≤ |w1| ≤ Q/e, (x1, w1) = 1, (4.9)



PAUCITY OF NON-DIAGONAL SOLUTIONS 11

1 ≤ |h1| ≤ Q/f, (x1, h1) = 1 (4.10)

and
dz1 + ew1 + fh1 6= 0. (4.11)

Then it follows from the above discussion that

Mk(Q) �
∑

def≤Q
d≥e≥f≥1

S0(d, e, f). (4.12)

We first dispose of the contribution of S0(d, e, f) to Mk(Q) when d > Q1/3. From
(3.10), (3.16) and (4.1) we find that the equation (4.5) implies that

(g − 2defx1)k + (g − 2y)k − (g − 2defx1 − 2y)k

= (g − 2dz1)k + (g − 2ew1)k − (g − 2dz1 − 2ew1)k, (4.13)

where g = dz1 + ew1 + fh1. Consequently S0(d, e, f) is bounded above by the
number of solutions of the equation (4.13) with (4.6)-(4.9) and 1 ≤ |g| ≤ 3Q. For
each fixed choice of x1 and z1, we solve the equation (4.13) for y, w1 and g. On
noting that (4.8) implies that efx1 6= z1, we may appeal to Lemma 2.6, therefore,
to deduce that the number of possible choices for y, w1 and g is O(Qk/(k−1)+ε).
Consequently,

S0(d, e, f) �
∑

1≤|x1|≤Q/(def)

∑
1≤|z1|≤Q/d

Qk/(k−1)+ε

� (d2ef)−1Q3+ 1
k−1+ε.

Thus we conclude that

Mk(Q)−
∑

def≤Q

1≤f≤e≤d≤Q1/3

S0(d, e, f) �
∑

d>Q1/3

∑
1≤ef≤Q

(d2ef)−1Q3+ 1
k−1+ε

� Q3+ 1
k−1+2ε

∑
d>Q1/3

d−2

� Q
8
3+ 1

k−1+2ε. (4.14)

We now consider the contribution of S0(d, e, f) to Mk(Q) when d ≤ Q1/3. Write

X = max
{

15Q2/3

(df)1/3e4/3
,
2(Qd)1/3

(ef)2/3
,
3Q1/2

e1/2f

}
. (4.15)

We denote by S1(d, e, f) the number of solutions (x1, y, z1, w1, h1) counted by
S0(d, e, f) in which

1 ≤ |x1| ≤ X , (4.16)
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and let S2(d, e, f) denote the corresponding number of solutions in which

X < |x1| ≤ Q/(def). (4.17)

Then it follows from (4.14) that

Mk(Q) � Q
8
3+ 1

k−1+2ε +
∑

def≤Q

1≤f≤e≤d≤Q1/3

(S1(d, e, f) + S2(d, e, f)) . (4.18)

Next we estimate S1(d, e, f), noting that given x1 and z1 we may proceed, as in
the argument leading to (4.14), to solve the equation (4.13) for y, w1 and g. Thus,
in view of (4.16), we arrive at the conclusion

S1(d, e, f) �
∑

1≤|x1|≤X

∑
1≤|z1|≤Q/d

Qk/(k−1)+ε � d−1XQ2+ 1
k−1+ε.

Then by (4.15) we obtain∑
1≤f≤e≤d≤Q1/3

S1(d, e, f) � Q2+ 1
k−1+εU(Q),

where

U(Q) =
∑

1≤f≤e≤d≤Q1/3

(
Q2/3

(de)4/3f1/3
+

Q1/3

(def)2/3
+

Q1/2

dfe1/2

)

�
∑

1≤e≤d≤Q1/3

(
Q2/3

d4/3e2/3
+

Q1/3

d2/3e1/3
+
Q1/2+ε

de1/2

)
�

∑
1≤d≤Q1/3

(
Q2/3d−1 +Q1/3 +Q1/2+εd−1/2

)
� Q2/3+ε.

Consequently, ∑
1≤f≤e≤d≤Q1/3

S1(d, e, f) � Q
8
3+ 1

k−1+2ε. (4.19)

Next consider the solutions (x1, y, z1, w1, h1) counted by S2(d, e, f). By Lemma
2.2, for each 4-tuple (x1, z1, w1, h1) satisfying (4.6) and (4.8)-(4.10), there exists a
real number X with

1 ≤ X ≤ 2Q4/3(def)−2/3, (4.20)

and linearly independent integral 4-tuples a and b with

|ai| ≤ βiQ
−1X and |bi| ≤ 5βi(def)−1QX−1/2 (1 ≤ i ≤ 4), (4.21)

where
β1 = f, β2 = e, β3 = d, β4 = def, (4.22)
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and satisfying the equations

α1h1 + α2w1 = α3z1 + α4x1 (α = a, b). (4.23)

We note that when ai 6= 0, the condition (4.21) implies that necessarily,

X ≥ Q/βi. (4.24)

Solving the equations (4.23) for h1 and w1, we obtain

λh1 = µ1z1 + ν1x1, λw1 = µ2z1 − ν2x1, (4.25)

where
λ = a1b2 − a2b1, µ1 = a3b2 − a2b3, µ2 = a1b3 − a3b1, (4.26)

ν1 = a4b2 − a2b4, ν2 = a4b1 − a1b4. (4.27)

Further, by Lemma 2.1, for each triple (x1, z1, h1) satisfying (4.6), (4.8) and (4.10),
there exist integers c1, c3, c4 with (c1, c3, c4) = 1 and

|ci| ≤ 3βiQ
1/2(d2ef2)−1/2, (4.28)

and satisfying the equation

c1h1 = c3z1 − c4x1. (4.29)

We claim that for each solution (x1, y, z1, w1, h1) counted by S2(d, e, f), there
exist integral vectors a,b, c satisfying the conditions of the previous paragraph,
and in addition satisfying either (i) a1 6= 0 and λµ1µ2 6= 0 or (ii) a1 = 0 and
a2a3c1c3 6= 0.

In order to establish this proposition we first observe that if c1c3 = 0, then
(4.29) together with (4.8) and (4.10) implies that we have either c3z1 = c4x1 with
(x1, z1) = (c3, c4) = 1, or else c1h1 = −c4x1 with (x1, h1) = (c1, c4) = 1. Conse-
quently, either x1|c3 or x1|c1, whence by (4.28) and (4.22), we have

|x1| ≤ |c3| ≤ 3Q1/2(ef2)−1/2 or |x1| ≤ |c1| ≤ 3Q1/2(d2e)−1/2.

But (4.15) together with the inequality f ≤ d implies that the latter inequalities
contradict (4.17), so that necessarily c1c3 6= 0. Suppose next that a1 = 0 and
a2a3 = 0. It follows from (4.23) that if two of the ai are zero, then the two remaining
aj must be non-zero. Then by (4.8), (4.9) and (4.23) we have either a3z1 = −a4x1

with (x1, z1) = 1 and a3a4 6= 0, or else a2w1 = a4x1 with (x1, w1) = 1 and a2a4 6= 0.
Consequently, either x1|a3 or x1|a2, whence by (4.21) and (4.22), we have

|x1| ≤ |a3| ≤ 2(Qd)1/3(ef)−2/3 or |x1| ≤ |a2| ≤ 2(Qe)1/3(df)−2/3.
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But (4.15) together with the inequality e ≤ d implies that the latter inequalities
contradict (4.17), so that necessarily a2a3 6= 0. Thus whenever a1 = 0, one has
a2a3c1c3 6= 0.

Next suppose that a1 6= 0. Consider first the case λ 6= 0 and µ1µ2 = 0. Then
from (4.25), (4.9) and (4.10) we have either λh1 = ν1x1 with (x1, h1) = 1, or else
λw1 = −ν2x1 with (x1, w1) = 1. Consequently, in either case one has x1|λ, whence
by (4.20)-(4.22) and (4.26),

|x1| ≤ |λ| ≤ 10X1/2d−1 ≤ 15Q2/3d−4/3(ef)−1/3,

and since d ≥ e, on recalling (4.15), we obtain a contradiction to (4.17). Meanwhile,
if λ = 0 and µ2 6= 0, then by (4.8) and (4.25) we have µ2z1 = ν2x1 with (x1, z1) = 1.
Thus x1|µ2, whence by (4.20)-(4.22) and (4.26),

|x1| ≤ |µ2| ≤ 10X1/2e−1 ≤ 15Q2/3e−4/3(df)−1/3,

which in view of (4.15) contradicts (4.17). Then we are left to deal with the case
λ = µ2 = 0. In this latter case, (4.25) and (4.6) imply that ν2 = 0. But (4.26) and
(4.27) imply that a1b = b1a, so that since a1 6= 0 we obtain a contradiction to the
linear independence of a and b. This completes the proof of our assertion.

Let S(1)
3 (d, e, f ;Y ) denote the number of solutions of the equation (4.5) satisfying

(4.6)-(4.11), such that there exists a real number X with Y ≤ X ≤ 2Y , and linearly
independent 4-tuples a and b satisfying (4.21)-(4.23) and, in the notation defined
by (4.26), satisfying the additional conditions a1 6= 0 and λµ1µ2 6= 0. Also, let
S

(2)
3 (d, e, f ;Y ) denote the corresponding number of solutions with the property

that there exist triples (a2, a3, a4) and (c1, c3, c4) satisfying (4.29), (4.21),

a2w1 = a3z1 + a4x1, (4.30)

and a2a3c1c3 6= 0. Then by considering dyadic intervals for Y , and recalling (4.24),
one obtains

S2(d, e, f) � (S1 + S2) log(2Q), (4.31)

where
S1 = max

Q/f≤Y≤Q4/3(def)−2/3
S

(1)
3 (d, e, f ;Y )

and
S2 = max

Q/e≤Y≤Q4/3(def)−2/3
S

(2)
3 (d, e, f ;Y ).

Let S(1)
4 (d, e, f ;a,b) denote the number of solutions x1, y, z1, w1, h1 of the equation

(4.5) satisfying (4.6)-(4.11) and (4.25)-(4.27), and let S(2)
4 (d, e, f ;a, c) denote the

corresponding number of solutions satisfying instead (4.6)-(4.11) and (4.29), (4.30).
Then

S
(1)
3 (d, e, f ;Y ) ≤

∑
a,b

S
(1)
4 (d, e, f ;a,b), (4.32)



PAUCITY OF NON-DIAGONAL SOLUTIONS 15

where the summation is over a and b with

|ai| ≤ 2βiQ
−1Y and |bi| ≤ 5βi(def)−1QY −1/2 (1 ≤ i ≤ 4), (4.33)

and, in the notation defined by (4.26), satisfying a1 6= 0 and λµ1µ2 6= 0. Also,

S
(2)
3 (d, e, f ;Y ) ≤

∑
a,c

S
(2)
4 (d, e, f ;a, c), (4.34)

where the summation is over a and c with

|ai| ≤ 2βiQ
−1Y (i = 2, 3, 4) and |ci| ≤ 3βiQ

1/2(d2ef2)−1/2 (i = 1, 3, 4),
(4.35)

and satisfying a2a3c1c3 6= 0.
We first estimate S(1)

3 . We substitute from (4.25) for h1 and w1 into (4.5) to
deduce that S(1)

4 (d, e, f ;a,b) is bounded above by S
(1)
5 (d, e, f ;a,b), where S

(1)
5

denotes the number of solutions of the equation

x1Ωk (λdefx1, λy, λdz1, e(µ2z1 − ν2x1), f(µ1z1 + ν1x1))

= z1(µ2z1 − ν2x1)(µ1z1 + ν1x1)Φk (λdz1, e(µ2z1 − ν2x1), f(µ1z1 + ν1x1)) ,
(4.36)

with x1, y, z1 satisfying (4.6)-(4.8). Observe that for each solution (x1, y, z1)
counted by S(1)

5 , the equation (4.36) implies that

µ1µ2z
3
1Φk(λdz1, eµ2z1, fµ1z1) ≡ 0 (mod x1).

Then it follows from the coprimality condition of (4.8) together with the homo-
geneity of Φk that

x1|µ1µ2Φk(λd, eµ2, fµ1).

Furthermore, since none of λ, µ1, µ2 are zero, we have µ1µ2Φk(dλ, eµ2, fµ1) 6= 0, so
that by using standard estimates for the divisor function, there are at most O(Qε)
possible choices for x1. Fixing any one such choice, and recalling the definitions of
Ωk and Φk, the equation (4.36) takes the shape

p(z1) + yz1q(y, z1) + r(y) = 0, (4.37)

where p(z1) is a polynomial of degree k, the polynomial q(y, z1) has total degree
k − 3, and r(y) has degree k − 1. It follows from Lemma 2.4 that the number of
possible choices for y and z1 satisfying (4.7) and (4.8) is O(Q1/k+ε). Thus

S
(1)
4 (d, e, f ;a,b) ≤ S

(1)
5 (d, e, f ;a,b) � Q1/k+2ε,

and hence by (4.32),
S

(1)
3 (d, e, f ;Y ) � Q1/k+2ε

∑
a,b

1. (4.38)
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Next we note from (4.31) that we have Q/f ≤ Y ≤ Q4/3(def)−2/3, so that by
(4.22), for 1 ≤ i ≤ 4 we have

βiQ
−1Y � βi/f � 1,

and on recalling the inequality 1 ≤ f ≤ e ≤ d ≤ Q1/3, for i = 2, 3, 4 we have

βi(def)−1QY −1/2 � βiQ
1/3(def)−2/3 � (Qe)1/3(df)−2/3 � Q1/3(d2f)−1/3 � 1.

Consequently, by (4.33) in combination with the above inequality on Y ,

∑
a,b

1 �
(
1 + β1(def)−1QY −1/2

)
β1Q

−1Y

 ∏
i=2,3,4

β2
i Y

1/2(def)−1


�

(
1 +Q1/3(de)−2/3f1/3

)
Q7/3(de)−2/3f−5/3.

Thus by (4.38),

S
(1)
3 (d, e, f ;Y ) � Q

8
3+ 1

k +2ε
(
Q−1/3(de)−2/3f−5/3 + (def)−4/3

)
. (4.39)

Next we estimate S(2)
3 . We substitute from (4.29) and (4.30) for h1 and w1 into

(4.5) to deduce that S(2)
4 (d, e, f ;a, c) is bounded above by S(2)

5 (d, e, f ;a, c), where
S

(2)
5 denotes the number of solutions of the equation

x1Ωk = a2c1z1(a3z1 + a4x1)(c3z1 − c4x1)Φk, (4.40)

with x1, y, z1 satisfying (4.6)-(4.8), where we have written

Ωk = Ωk (a2c1defx1, a2c1y, a2c1dz1, c1e(a3z1 + a4x1), a2f(c3z1 − c4x1)) ,

and
Φk = Φk (a2c1dz1, c1e(a3z1 + a4x1), a2f(c3z1 − c4x1)) .

Observe that by an argument paralleling the treatment of S(1)
4 , we have for each

solution (x1, y, z1) counted by S(2)
5 , that

x1|a2a3c1c3Φk(a2c1d, a3c1e, a2c3f).

Furthermore, since none of a2, a3, c1, c3 are zero, we have

a2a3c1c3Φk(a2c1d, a3c1e, a2c3f) 6= 0,

so that by using standard estimates for the divisor function, there are at most
O(Qε) possible choices for x1. Fixing any one such choice, we deduce as in the
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treatment of S(1)
4 that the number of possible choices for y and z1 satisfying (4.7)

and (4.8) is O(Q1/k+ε). Thus

S
(2)
4 (d, e, f ;a, c) � S

(2)
5 (d, e, f ;a, c) � Q1/k+2ε,

and hence by (4.34),
S

(2)
3 (d, e, f ;Y ) � Q1/k+2ε

∑
a,c

1. (4.41)

Next we note from (4.31) that we have Q/e ≤ Y ≤ Q4/3(def)−2/3, so that by
(4.22), for i = 2, 3, 4 we have

βiQ
−1Y � βi/e� 1,

and on recalling the inequality 1 ≤ f ≤ e ≤ d ≤ Q1/3, for 1 ≤ i ≤ 4 we have

βiQ
1/2(d2ef2)−1/2 � Q1/2(d2e)−1/2 � 1.

Consequently, by (4.35) in combination with the above inequality on Y ,

∑
a,c

1 � β1β2Q
−1/2Y (d2ef2)−1/2

 ∏
i=3,4

β2
iQ

−1/2Y (d2ef2)−1/2


� Q5/2(de1/2f2)−1.

Thus by (4.41),
S

(2)
3 (d, e, f ;Y ) � Q

5
2+ 1

k +2ε(de1/2f2)−1. (4.42)

Finally, combining (4.39), (4.42), (4.31), we find that∑
1≤f≤e≤d≤Q1/3

S2(d, e, f) � Q
8
3+ 1

k +3εV(Q), (4.43)

where

V(Q) =
∑

1≤f≤e≤d≤Q1/3

(
Q−1/3(de)−2/3f−5/3 + (def)−4/3 +Q−1/6(de1/2f2)−1

)
.

But

V(Q) �
∑

1≤e≤d≤Q1/3

(
Q−1/3(de)−2/3 + (de)−4/3 +Q−1/6(de1/2)−1

)
�

∑
1≤d≤Q1/3

(
Q−1/3d−1/3 + d−4/3 +Q−1/6d−1/2

)
� 1.

Thus, on recalling (4.18), (4.19) and (4.43), we deduce that

Mk(Q) � Q
8
3+ 1

k−1+2ε,

and this completes the proof of the lemma.
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5. Execution of the plan: the even case

We consider the case in which k is even in Lemma 5.1 below. By combining
Lemmata 4.1 and 5.1 with (3.11), the proof of our theorem is completed.

Lemma 5.1. Let k be an even integer with k ≥ 4. Then

Mk(Q) �ε,k Q
8
3+ 1

k−1+ε.

Proof. For the sake of convenience we write

Υk(x, y, z, w, h) = yΨk(x, y, h+ z + w − x− y). (5.1)

Then on recalling (3.12), we find from (3.14) that Mk(Q) is equal to the number of
solutions of the equation

xΥk(x, y, z, w, h) = zwΨk(z, w, h), (5.2)

with x, y, z, w, h satisfying (3.8), (3.9) and (3.13).
Since k is even, it follows from (3.15) that Ψk(α, β, γ) is symmetric in α and β.

Moreover it follows immediately from (5.1) that for each x and y the polynomial
Υk(x, y, α, β, γ) is symmetric in α and β. Thus if x, y, z, w, h is any solution
of (5.2) counted by Mk(Q), we may relabel z and w so that the pairwise highest
common factors with x satisfy the condition

(z, x) ≥ (w, x). (5.3)

Write d = (x, z) and e = (x/d,w), and put

x1 = x/(de), z1 = z/d and w1 = w/e. (5.4)

Then (x1, z1w1) = 1, and from (5.3) one has d ≥ e. On substituting into (5.2) we
obtain

x1Υk(dex1, y, dz1, ew1, h) = z1w1Ψk(dz1, ew1, h). (5.5)

We now estimate Mk(Q) using an argument strikingly similar, though simpler,
than that used in the proof of Lemma 4.1. In order to curtail our deliberations,
we adopt the convention throughout the remainder of the proof of this lemma that
f = 1 and h1 = h. Let S0(d, e) denote the number of solutions (x1, y, z1, w1, h)
of the equation (5.5) satisfying the conditions (4.6)-(4.11), let S1(d, e) denote the
corresponding number of solutions subject to the additional condition (4.16), and
let S2(d, e) denote the corresponding number of solutions subject instead to the
additional condition (4.17). Then it follows from the above discussion that

Mk(Q) �
∑

de≤Q

d>Q1/3

S0(d, e) +
∑

de≤Q

1≤e≤d≤Q1/3

(S1(d, e) + S2(d, e)) . (5.6)
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We first observe that from (3.10), (3.14) and (5.1), the equation (5.5) implies
that the equation (4.13) is satisfied. Thus the arguments leading to (4.14) and
(4.19) remain valid, and we deduce that∑

de≤Q

d>Q1/3

S0(d, e) +
∑

de≤Q

1≤e≤d≤Q1/3

S1(d, e) � Q
8
3+ 1

k−1+ε. (5.7)

We estimate S2(d, e) when 1 ≤ e ≤ d ≤ Q1/3 as in the argument used to estimate
S2(d, e, f) in the proof of Lemma 4.1. Let U (1)

1 (d, e;a,b) denote the number of solu-
tions (x1, y, z1, w1, h) of the equation (5.5) satisfying (4.6)-(4.11) and (4.25)-(4.27),
and let U (2)

1 (d, e;a, c) denote the corresponding number of solutions satisfying in-
stead (4.6)-(4.11) and (4.29), (4.30). Then it follows, as in the argument leading to
(4.31), (4.32) and (4.34), that

S2(d, e) � (T1 + T2) log(2Q), (5.8)

where
T1 = max

Q≤Y≤Q4/3(de)−2/3

∑
a,b

U
(1)
1 (d, e;a,b),

T2 = max
Q/e≤Y≤Q4/3(de)−2/3

∑
a,c

U
(2)
1 (d, e;a, c),

and the respective summations are over a and b satisfying (4.33) with (4.22), and
in the notation defined by (4.26), subject to a1 6= 0 and λµ1µ2 6= 0, and over a and
c satisfying (4.35) with (4.22), and subject to a2a3c1c3 6= 0.

On substituting from (4.25) for h and w1 into (5.5), we deduce that U (1)
1 (d, e;a,b)

is bounded above by U
(1)
2 = U

(1)
2 (d, e;a,b), where U

(1)
2 denotes the number of

solutions of the equation

x1Υk (λdex1, λy, λdz1, e(µ2z1 − ν2x1), µ1z1 + ν1x1)

= z1(µ2z1 − ν2x1)Ψk (λdz1, e(µ2z1 − ν2x1), µ1z1 + ν1x1) , (5.9)

with x1, y, z1 satisfying (4.6)-(4.8). Observe that for each solution (x1, y, z1) counted
by U (1)

2 , the equation (5.9) implies that

µ2z
2
1Ψk(λdz1, eµ2z1, µ1z1) ≡ 0 (mod x1).

Then it follows from the coprimality condition of (4.8) together with the homo-
geneity of Ψk that

x1|µ2Ψk(λd, eµ2, µ1).

Furthermore, since neither λ nor µ2 are zero, we have µ2Ψk(λd, eµ2, µ1) 6= 0, so
that by using standard estimates for the divisor function, there are at most O(Qε)
possible choices for x1. Fixing any one such choice, and recalling the definitions of
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Υk and Ψk, the equation (5.9) takes the shape (4.37). Thus, as in the argument
leading to (4.38), we obtain

U
(1)
1 (d, e;a,b) ≤ U

(1)
2 (d, e;a,b) � Q1/k+2ε,

and hence, following the argument leading to (4.39), we obtain∑
a,b

U
(1)
1 (d, e;a,b) � Q

8
3+ 1

k +2ε
(
Q−1/3(de)−2/3 + (de)−4/3

)
. (5.10)

Next we estimate U (2)
1 . We substitute from (4.29) and (4.30) for h and w1 into

(5.5) to deduce that U (2)
1 (d, e;a, c) is bounded above by U (2)

2 (d, e;a, c), where U (2)
2

denotes the number of solutions of the equation

x1Υk = c1z1(a3z1 + a4x1)Ψk, (5.11)

with x1, y, z1 satisfying (4.6)-(4.8), where we have written

Υk = Υk (a2c1dex1, a2c1y, a2c1dz1, c1e(a3z1 + a4x1), a2(c3z1 − c4x1)) ,

and
Ψk = Ψk (a2c1dz1, c1e(a3z1 + a4x1), a2(c3z1 − c4x1)) .

Observe that by an argument paralleling the treatment of S(1)
4 , we have for each

solution (x1, y, z1) counted by U (2)
2 , that

x1|a3c1Ψk(a2c1d, a3c1e, a2c3).

Furthermore, since none of a2, a3, c1, c3 are zero, we have

a3c1Ψk(a2c1d, a3c1e, a2c3) 6= 0,

so that by using standard estimates for the divisor function, there are at most O(Qε)
possible choices for x1. Fixing any one such choice, and recalling the definitions of
Υk and Ψk, the equation (5.11) takes the shape (4.37). Thus, as in the argument
leading to (4.41), we obtain

U
(2)
1 (d, e;a, c) ≤ U

(2)
2 (d, e;a, c) � Q1/k+2ε,

and hence, following the argument leading to (4.42), we obtain∑
a,c

U
(2)
1 (d, e;a, c) � Q

5
2+ 1

k +2ε
(
de1/2

)−1

. (5.12)

Finally, combining (5.10), (5.12), (5.8), we find that∑
1≤e≤d≤Q1/3

S2(d, e) � Q
8
3+ 1

k +3εV(Q), (5.13)

where

V(Q) =
∑

1≤e≤d≤Q1/3

(
Q−1/3(de)−2/3 + (de)−4/3 +Q−1/6(de1/2)−1

)
� 1.

Thus, on recalling (5.6), (5.7) and (5.13), we deduce that

Mk(Q) � Q
8
3+ 1

k−1+3ε,

and this completes the proof of the lemma.
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