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1. INTRODUCTION

The investigation of non-trivial solutions of systems of symmetric diagonal equa-
tions has a long and distinguished history (see [4, 5]), and raises interesting ques-
tions concerning both the density of rational points on algebraic varieties, and the
theory of the Hardy-Littlewood method (see [15]). When the number of variables is
not too large compared with the underlying degrees, it is believed that the number
of diagonal solutions of such systems exceeds the corresponding number of non-
diagonal solutions. Let us illustrate this idea with the example which lies at the
heart of our paper. Denote by S (P) the number of integral solutions of the system

ulf—l-ug—l-u’;:v'f-l-vlg—l-vlg, (1.1)

U1+U2—|—U3:1)1+U2+713, '
with 1 < wu;,v; < P (1 <i<3), and let T(P) denote the corresponding number of
trivial solutions of (1.1), which is to say, the number of solutions for which the u;
are a permutation of the v;. Plainly, T(P) = 6P + O(P?), and so the conjecture
alluded to above implies that Sy (P) —T(P) = o(P3). Greaves [7] has very recently
established just such an asymptotic formula by pursuing a treatment related to
earlier sieving methods of Greaves [6] and Hooley [8, 9, 10, 11]. By using the large
sieve in combination with Weil’s resolution of the Riemann Hypothesis for curves
over finite fields, Greaves [7] has established for k > 4 the upper bound

Sp(P) — T(P) <., PY/6+<,

In this paper, through an essentially elementary method which avoids any use of
sieves or reference to the Riemann Hypothesis for varieties over finite fields, we
establish the estimate for Si(P) — T'(P) contained in the following theorem.
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Theorem. When k is an integer exceeding 3, and P is a positive real number,
Sk(P) — T(P) <., PsteTte, (1.2)

Consequently, when k > 5 one has the asymptotic formula

Sp(P) = 6P° 4 O, (P57 1te),

We note that the above theorem provides estimates superior to those of Greaves
[7] when k > 8, and provides non-trivial estimates for £ > 5. In the cases k = 2 and
k = 3 the behaviour of Sy (P) is better understood. Rogovskaya [12], improving on
work of Bykovskii, has shown that

18
So(P) = FPB log P + O(P?),
and Vaughan and Wooley [15, Theorem 1.2] have established the bounds
P?%(log P)® < S3(P) — T(P) < P%(log P)°.

Moreover, as is noted in the introduction of Greaves [7], in the cases k = 4 and k = 5
the existence of dilations of known integral solutions leads to the lower bounds

Sk(P)—T(P)>P (k=4,5).

Indeed, Bremner [3] has found a method which yields large families of parametric
solutions of the system (1.1) in the case k = 5.

In order to prove our theorem we generalise the efficient slicing method developed
in our work [14] on sums of two kth powers. In essence our argument consists of
three steps. First we show that the number of solutions of the system (1.1) counted
by Si(P) — T(P) may be estimated in terms of the number of solutions of an
auxiliary equation of the shape

xF(xz,y,h) = G(z,w, h), (1.3)

for suitable polynomials F' and G, and with each of the variables lying in a box
of size comparable to P. Next, in the second step, we use an appropriate version
of Siegel’s lemma to establish the existence of linearly independent integral vectors
(ai, bi,ci,d;) (i = 1,2), with components of size about P/, for which a;h + bjw =
ciz+d;x (i = 1,2). Except in circumstances in which certain variables are small, it
is then possible to eliminate h and w from the equation (1.3) by summing over all
possible choices of the slicing variables a;, b;, ¢; and d;. Moreover by homogeneity,
and by exploiting a coprimality condition which may be imposed on z and z, one
deduces from (1.3) that x must be a divisor of a function of the slicing variables
alone. The latter implies that x is determined rather efficiently within our slicing
argument. Finally, in the third step, we estimate the number of solutions y, z of
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(1.3), for fixed values of z and the slicing variables, by appealing to a result of
Bombieri and Pila [1, Theorem 5] on the number of integral points on a plane affine
curve. In this way we obtain an estimate for S;(P) — T'(P) which is roughly the
product of the cardinality of the set of slicing variables, and the number of points
on the affine curve resulting from our slicing argument.

It may be possible to generalise our efficient slicing argument so as to obtain
non-trivial estimates, when 1 < ky < ko < --- < kg, for the number of integral
solutions of the system of equations

$lfj+"'+xfilzylfj+.“+/yfj‘1 (1§]§t)7

with 1 < z;,y; < P (1 < i < t+1). Of the three steps outlined above which
comprise our basic method, the first may be handled as in the treatment of Wooley
[16], and the second through a suitable extension of Lemma 2.2 of this paper. Only
the third step, which depends for its success on the absolute irreducibility of a
certain polynomial, causes serious difficulties. Nonetheless, we believe that this
paper provides a reasonable framework with which to work towards a solution of
such problems.

In §2 below we establish the inhomogeneous version of Siegel’s Lemma which
forms the foundation of our slicing argument. We also record in that section the ab-
solute irreducibility criteria required in our application of the estimate of Bombieri
and Pila. Then, in §§3, 4 and 5, we conduct the proof of our theorem according to
the plan laid out above, dividing into cases in §§4 and 5 according to whether & is
odd or even.

The authors gratefully acknowledge the inspiration they have received from cor-
respondence with George Greaves on the subject of sieve methods and their appli-
cation to the non-trivial solutions of diagonal equations. We thank also the referee
for a number of comments which have improved the exposition of this paper, and
in particular, for bringing to our attention a significant oversight in our original
proof of Lemma 4.1.

Throughout this paper k£ will denote a positive integer, and ¢ will denote a
sufficiently small positive number. Also, < and > denote Vinogradov’s well-known
notation, and [x] denotes the largest integer not exceeding z.

2. PRELIMINARY LEMMATA

The first two lemmata of this section are devoted to a proof of an inhomoge-
neous version of Siegel’s Lemma suitable for our application in §§4 and 5. What is
needed is a lemma which establishes the existence of two small linearly independent
solutions of a linear equation with coefficients which potentially may be of different
magnitudes. Thus, while Bombieri and Vaaler [2, Theorem 2] provides such a con-
clusion of use when the coefficients are of comparable size, we must work a little
harder for our slightly sharper conclusion. We start by providing a lower bound for
the number of integral solutions of a linear equation inside a normalised box.
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Lemma 2.1. Let s > 2, and let Q1,...,Qs be positive real numbers. Suppose that
x1,...,%s are integers with 1 < |z;| < Q; (1 <i < s). Then, fort > 2, the equation
a1r1 + -+ asxs = 0 has at least [t/2] non-zero integral solutions (a1, ...,as) with

jai] < Q7' (stQ1 ... Qy)YTY  (1<i<s). (2.1)

Proof. Write @ = (stQ1 ... Q)Y ™V and N = 377, Q:[Q/Q:]. Let 21,..., x4 be
integers satisfying the hypothesis of the lemma. When n is a positive integer, let
r(n;x) denote the number of representations of n by the linear expression

blxl + s + bsl‘s, (22)

with 0 < b; < Q/Q; (1 < i < s). Since r(n;x) is zero unless 0 < |n| < N, we
deduce that

S

Y. rmx) =]/ +1).

0<|n|<N i=1

But it follows from the equation

s J[e/i=t>0;
=lis] i=1
that

S orix) >ty Q;([Q/Qs]1+1) > (2N +1).

0<|n|<N j=1

Consequently there exists an integer n with 0 < |n| < N for which r(n;x) > 3t.
Let ng be any such integer, and let b(® (1 <4 < [t/2] + 1) be distinct s-tuples for
which the expression (2.2) represents ng. When 1 < j < s and 2 <i < [t/2] + 1,

write agi) = b§i) - bg.l). Then since the b(") are distinct, we deduce that the a(, for
2 < < [t/2]+1, are distinct non-zero solutions of the equation ajz1+- - -+aszs =0
satisfying (2.1). This completes the proof of the lemma.

Next we show that inside a normalised box of sufficiently large size, there cannot
be too many linearly dependent solutions of a linear equation, whence there exist
two “small” linearly independent solutions.

Lemma 2.2. Suppose that s > 3, and that Q1,...,Qs are positive real numbers.
Let xq,...,x5 be integers with 1 < |x;| < Q; (1 < i < s). Then there exists a real
number X with

1< X < (25Qq ...Q,)Y ¢

such that the equations

ar1+ -+ asxs =bixr + -+ bsxrs =0,
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are soluble in integers a;, b; (1 <i < s) with a # +b,
(al,...,as) = (bl,...,bs) = 1,

and

lai| < Q7'X, bl < Q7N(65Q1...Q /X)) (1<i<s).

Proof. Let Q = (25Q;...Qs)" =Y. Also, let A = A(x) denote the set of all
non-zero integral solutions a of the equation

a1x1 + - +asxs =0 (2.3)

with (aq,...,as) = 1. It follows from Lemma 2.1 that such a solution a exists with
la;| < Q;1Q (1 <i<s). When a € A, define the height function H by

H(a) = max Qila;|.

Let X = minae 4 H(a), and denote by a* any fixed element of A with H(a*) = X.
Also, let Y = (6sQ); . ..QS/X)l/(S*Q). We note that since 1 < X < Q, we have
Y > Q, and hence H(a*) < Y.

We suppose that for every b € A, either b = +a*, or H(b) > Y. If we de-
rive a contradiction, then the conclusion of the lemma will follow. When Z is a

positive number, define N(Z) = N(Z;x) to be the number of non-zero solutions
a of the equation (2.3) with H(a) < Z, and define N*(Z) = N*(Z;x) to be the

corresponding number of solutions with (aq,...,as) = 1. Thus
N(Y)= ) N*(Y/d). (2.4)
1<d<Yy

Observe that N*(Z) is zero when Z < X, and by hypothesis N*(Z) = 2 when X <
Z <Y (since, in such circumstances, N*(Z) counts only the solutions a = +a*).
Then from (2.4),

NY)= Y 2<2Y/X. (2.5)
1<d<Y/X
But an application of Lemma 2.1 with ¢ = 2(3Q/X)(~1/(572) yields
N(Y) > |(3Q/x)( D/, (2.6)

On combining (2.5) and (2.6) we obtain
(3Q/X)s=1/(5=2) _ 1 < 9.3V 6=2)(g/x)(s=1)/(s=2)
which implies a contradiction. This completes the proof of the lemma.

We now establish estimates for the number of integral points on certain plane
affine curves. We require estimates independent of the coefficients of the polynomi-
als defining the curves. Fortunately such estimates are given by Bombieri and Pila
[1, Theorem 5], provided that the latter polynomials are absolutely irreducible. In
Lemmata 2.3 and 2.5 below we record the necessary criteria for absolute irreducibil-
ity. The first criterion stems from work of Schmidt, and the second we establish by
a fairly standard argument following closely the proof of [14, Lemma 2.4].
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Lemma 2.3. Let

f(@,y) = goy® + g1 (@)y™ " + - + gala),

be a polynomial with coefficients in a field K, and suppose that go is a non-zero
constant. Put

B(f) = max ~deg(g:),

1<i<d 1

and suppose that ¥(f) = m/d with (m,d) = 1. Then f(x,y) is absolutely irre-
ducible.

Proof. This is Theorem II1.1B of Schmidt [13].

Lemma 2.4. Let p(y) and r(x) be polynomials with integral coefficients, of respec-
tive degrees k and m, and let q(z,y) be a polynomial with integral coefficients of
total degree 1. Suppose, in addition, that k > m > 1+ 1 and (k,m) = 1. Then the
number, N(X;p,q,r), of solutions of the diophantine equation

p(y) + zyq(z,y) +r(x) =0,

with 0 < z,y < X, satisfies N(X;p,q,1) <p e X 1/k+e

Proof. We apply Lemma 2.3 with f(z,y) = p(y) + zyq(x,y) + r(z), noting that
Y(f) = max{m/k,a}, where

< l—73+1 [+1
(6% max =
Toi<tk—j5—1 k—1

<M
P

Thus ¥(f) = m/k with (m,k) = 1, and so p(y) + zyq(x,y) + r(x) is absolutely
irreducible. It therefore follows from Bombieri and Pila [1, Theorem 5], as in the
argument of the proof of [14, Corollary 2.3.1], that

N(X7p7 Q7T) <k Xl/k exp (12(k 10gX10g log X)1/2) s

whence the lemma follows immediately.
Lemma 2.5. When ay, as, by and by are non-zero integers with a1 # as, define
the polynomial f(u,v,h) = f(u,v,h;a,b) by
flu,v,h) = ((h —a1)* + (h = biu)* — (h — a1 — byu)*)
— ((h — a2)* + (h — bav)* — (h — az — bov)¥).
Then when k > 2, there exists a set H = H(a,b), with cardinality at most k3, with

the property that for each fixed non-zero h with h ¢ H, the polynomial f(u,v,h) is
absolutely irreducible in Q[u,v].

Proof. We start by observing that without loss of generality, we may suppose that
b1 = bg = 1. Write G(fl,fg,fg) = g_lf(fl/fg,fg/gg, h) Then by using a standard
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argument, as in the proof of [14, Lemma 2.4], it follows that f(u,v,h) is absolutely
irreducible in Q[u, v] provided that there are no non-trivial solutions & € C3 of the
system

oG oG
06 0&
Suppose that & = n is a solution of the system (2.7). When 73 = 0 the equations

(2.7) imply that n; = 72 = 0, and so there are no non-trivial solutions with 73 = 0.
We may therefore take n3 = 1, and then the equations (2.7) imply that

(2.7)

(h=n) "t =(h—a;—m) (i=1,2),

whence for i = 1,2, one has h —n; = w;a;/(w; — 1), where w; is some (k — 1)th root
of unity with w; # 1. Re-substituting into (2.7), we finally deduce that f(u,v,h)
is absolutely irreducible unless, for some (k — 1)th roots of unity w; with w; # 1
(1 =1,2), the equation

(h — al)k + alf(wl — 1)1_k = (h— aQ)k + ag(wg — 1)1_k (2.8)

is satisfied. The proof of the lemma is completed on noting that when a; # as, for
fixed w; (i =1,2), there are at most k — 1 solutions, h, of (2.8).

Lemma 2.6. Let ay, as, by, by be fired non-zero integers, and define f(u,v,h;a,b)
as in the statement of Lemma 2.5. Then when a; # as, the number, M(X; f), of
solutions of the diophantine equation f(u,v,h;a,b) =0 with 1 < |ul,|v|,|h| < X,
satisfies M(X; f) < p XF/(=D+e,

Proof. Suppose that a1 # as, and define the set H(a,b) as in the statement of
Lemma 2.5. Denote by M;(X; f) the number of solutions u, v, h of the equation
f(u,v,h;a,b) = 0, with 1 < |ul,|v|,|h| < X and h ¢ H(a,b), and denote by
M5(X; f) the corresponding number of solutions with h € H(a,b). Thus

M(X; f) = Myi(X; f) + Ma( X f). (2.9)

We start by noting that when h ¢ H(a,b), then by Lemma 2.5 the polynomial
f(u,v, h) is absolutely irreducible in Q[u, v]. Moreover, f(u,v,h) has degree k — 1
as a polynomial in u and v. It therefore follows from Bombieri and Pila [1, Theorem
5], as in the proof of [14, Corollary 2.4.1], that

MU(X; f) <ene Y XYEDTe ) XF/(=Dte (2.10)

1<|h|<X

Meanwhile, for each fixed h € H(a,b), a trivial estimate shows that there are at
most (k — 1)X integral solutions u, v of the equation f(u,v,h) = 0. Consequently,
on noting that the cardinality of H is at most k3, we deduce that

My(X; f) <k Y X < X, (2.11)
heH

The lemma follows on combining (2.9), (2.10) and (2.11).
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3. THE EXECUTION OF THE PLAN: PRELUDE

When k > 4, let Ni(P) denote the number of solutions of the system

ub 4 ub 4+ uf = oF ok 4+ ok, (3.1)

U1+UQ+U3:U1—|—U2+03, ’
with 1 < w;,v; < P (1 < i < 3), and satisfying the condition that (uj,us,us) is
not a permutation of (vi,v2,v3). As observed by Greaves [7], the latter condition
ensures that u; = v; for no ¢ and j. For suppose, to the contrary, that u, v is a
solution counted by Nj(P) with u; = v; for some ¢ and j. Since (uq,ug,us) is not
a permutation of (v, vs,v3), by relabelling variables we may suppose that uz = vg
and u; > v1 > v9 > uz. On writing

k—1
g(u,v) = Zurvk_l_r, (3.2)
r=0
we deduce from (3.1) that
ukf —of ok —uk
g(uy,v) = = 1 -2 2 = g(ug, va). (3.3)

But on recalling that us < uy and vy < vy, it follows from (3.2) that g(uq,v1) >
g(u2,v2), contradicting (3.3), and establishing the above assertion.

We will find it useful to estimate at this stage the number, N} (P), of solutions
u, v counted by Ng(P) in which uz = vy 4+ v. For any such solution it follows from
(3.1) that in addition one has v3 = u; + uz. Then by substituting into (3.1), we
deduce that N} (P) is bounded above by the number of solutions of the equation

(uq +uz)k —u’f —u’g = (1 +U2)k —v’f —v§

with 1 < w;,v; < P (i = 1,2). Since the polynomial (x + y)¥ — 2% — y* is divisible
by both x and y, it follows by using standard estimates for the divisor function
that for any fixed v; and vq, there are O ;(P°) possible choices for u; and us.
Consequently,

Ni(P) <. P?Te. (3.4)

For each solution u, v counted by Ny(P) — N;(P), we define the integers z, y,
z, w and h by

rT=u3—v3, Y=uy—v3, 2z=v1—uz, w=uvy—uz and h=wv;+wvy. (3.5)

We note that the definitions (3.5), together with the linear equation of (3.1), imply
that

2uy =h+z4+w—-2y, 2uy=h+z4+w-—2x, 2u3z=h—2z—w, (3.6)
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201 =h+z—w, 2v=h—z+w, 2v3=h+2z+w—2x— 2. (3.7)
Since u; = v; for no ¢ and j, and ug + us > 0, it follows from (3.6), (3.7) and (3.1)
that

xyzw #0, x#z, xTFw, xFh. (3.8)
Moreover, on recalling that for solutions counted by Ny (P) — N;(P) one has ug #
vy + vg, it follows from (3.6) and (3.7) that

h+z+w#0. (3.9)
Write
Fla,,7) = (y+a=0)+(y—a+p)" - (y—a-p)". (3.10)
Then we deduce from (3.1), (3.4), (3.6) and (3.7) that
Ni(P) < My(2P) + Nif(P) = My(2P) + O, 1.(P*"¢), (3.11)
where My (Q) denotes the number of solutions of the equation
F(z,y,h+z+w—x—y) = F(z,w,h), (3.12)
with the variables satisfying (3.8), (3.9) and
1 < [af, [y, 2], [w|, |h] < Q. (3.13)

The argument which yields our theorem takes on a different character according
to whether k is odd or even. We treat these respective cases in two lemmata in
864 and 5 below. Before embarking on the statement and proof of these lemmata,
we note a useful property of the polynomial F. An application of the multinomial
theorem to (3.10) yields

k!
k _ r st
(,Y+a+/8) _F(Oé7/87fy) - r+;_k T'S't"y « /6 6T8t7

where

Erst = I+ (_1)8+t - (_1)3 - (_1)t‘
On noting that €,4 is zero unless s and ¢ are both odd, and noting that in conse-
quence r must have the same parity as k, we deduce that when k is even,

('y—i—a—i—ﬁ)k—F(oz,B,’y)zaﬁ\Ifk(oz,B,v), (314)

where

\Dk<a7ﬁ77) =4

k! 2r 2s 2t
vt p (3.15)
T+S+t_z(k_2)/2 (2r)!1(2s + 1)!(2t + 1)!

Z Yy ZUhb

and when £ is odd,
(Y +a+B)" — Fa, 8,7) = apy®i(e, 8,7), (3.16)

where

k!
P —4 2r  2s 2t' 3.17
k(a, B,7) > @r+1)@2s+DlRe+ 1 @ ’ 347
r+s+t=(k—3)/2

r>0,5>0,t>0

We note for future reference that for real values of o, § and ~, the polynomial
Uy (o, B,7) is zero if and only if « = = v = 0, and likewise for @ (v, 3,7).
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4. EXECUTION OF THE PLAN: THE ODD CASE

When k is odd our theorem follows from (3.11) in combination with Lemma 4.1
below. Throughout, implicit constants in the notations of Landau and Vinogradov
will depend at most on k, and the positive number €.

Lemma 4.1. Let k be an odd integer with k > 5. Then

My(Q) < Q3Fm1+e,

Proof. For the sake of convenience we write
Q(z,y,z,w,h) =y(lh+z4+w—z—y)Pr(z,y,h+ 2+ w—x —y). (4.1)

Then on recalling (3.12), we find from (3.16) that My(Q) is equal to the number of
solutions of the equation

xQ(z,y, 2z, w, h) = zwh®g(z,w, h), (4.2)

with z, y, z, w, h satisfying (3.8), (3.9) and (3.13).

Since k is odd, it follows from (3.17) that ®x(«, 3,7) is a symmetric function of
the variables «, (3, 7. Moreover it follows immediately from (4.1) that for each x
and y the polynomial Qg (x,y, «, 3,7) is also symmetric in «, 3, v. Thus if x, y, z,
w, h is any solution of (4.2) counted by My (Q), we may relabel z, w and h so that
the pairwise highest common factors with x satisfy the condition

(z,2) > max{(w,z), (h,2)} and (w(;”—x))z(h(i) (4.3)

z,x)
Write d = (x, 2), e = (z/d,w), f = (z/(de),h), and put
x1 =z/(def), z ==z/d, w;=w/e, hy=h/f. (4.4)

Then (x1,z1w1hy) = 1, and from (4.3) one has d > e > f. On substituting into
(4.2) we obtain

21 Q(defr1,y,dz, ewr, fhy) = zrwih1 @y (dz1, ews, fhy). (4.5)

We now relate M (Q) to the number of solutions of the equation (4.5) satisfying
various conditions. Let Sy(d, e, f) denote the number of solutions (x1,y, 21, w1, h1)
of the equation (4.5) with

1 <] < Q/(def), (4.6)

I<fyl <@, (4.7)

1< || <Q/d, (z1,21) =1, 21 #efx, (4.8)
1<|ui| <Qfe, (z1,w1) =1, (4.9)



PAUCITY OF NON-DIAGONAL SOLUTIONS 11

L<[m|<Q/f, (#1,h) =1 (4.10)

and
d21 + ewq + fhl 7é 0. (411)

Then it follows from the above discussion that

My(@Q) < Y. Solde, f). (4.12)

def<Q
d>e>f>1

We first dispose of the contribution of So(d, e, f) to My(Q) when d > Q'/3. From
(3.10), (3.16) and (4.1) we find that the equation (4.5) implies that

(g — 2defz1)* + (g — 29)* — (9 — 2defx; — 2y)*
= (g —2dz)" + (g — 2ew1)* — (g — 2dz; — 2ew,)F, (4.13)

where g = dzy + ewy + fhy. Consequently Sy(d, e, f) is bounded above by the
number of solutions of the equation (4.13) with (4.6)-(4.9) and 1 < |g| < 3@Q. For
each fixed choice of x; and z;, we solve the equation (4.13) for y, w; and g. On
noting that (4.8) implies that efz; # 21, we may appeal to Lemma 2.6, therefore,
to deduce that the number of possible choices for y, w; and g is O(Q*/ (k=D +e),
Consequently,

SO(d, e, f) < Z Z Qk/(k_1)+5

1<[21<Q/(def) 1|11 <Q/d
< (dPef)l@PrEate,

Thus we conclude that

M.(Q) - > So(doe, /)< Y > (dPef)tQ¥ e

def<Q d>Q1/31<ef<Q
1<f<e<d<Q'/?
<<Q3+ﬁ+25 Z d—2
d>Q1/3
Sty +2e
L Q3 TR (4.14)

We now consider the contribution of Sy(d, e, f) to My (Q) when d < Q'/3. Write

(4.15)

/ / /
Y max{ 15Q2 3 Q(Qd)l 3 3Q1 2}.

(df)1/364/3’ (ef)2/3 ’61/2f

We denote by Si(d,e, f) the number of solutions (z1,y,z21,w1,h1) counted by
So(d, e, f) in which
1< |z| < A, (4.16)
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and let Sy(d, e, f) denote the corresponding number of solutions in which
X < |x1] < Q/(def). (4.17)

Then it follows from (4.14) that
Mp(Q) < Q3 at2 4 N (Si(d,e, f) + Saldye. f)).  (4.18)
def<Q

1<f<e<d<Q'/?

Next we estimate S1(d, e, f), noting that given x; and z; we may proceed, as in
the argument leading to (4.14), to solve the equation (4.13) for y, wy and g. Thus,
in view of (4.16), we arrive at the conclusion

Sildye, f) < )y Yoo QMEITE «a xRt

1<)z |<A 1<]211<Q/d

Then by (4.15) we obtain

Y Silde f) < QFTFTTUWQ),

1< f<e<d<Q1/3

where

Q2/3 Q1/3 Q1/2 )
U —
(Q) 1§f§e§ZdSQl/3 ((de)4/3f1/3 + (def)2/3 + TR

2/3 1/3 1/2+4¢
S (Q L Q +)

Vs d4/3e2/3 T J2/3¢1/3 del/2

< Z <Q2/3d—1+Q1/3+Q1/2+ad—1/2> < Q23+,
1<d<Q1/3

Consequently,

ST Side f) < QitEatE (4.19)

1<f<e<d<Ql/3

Next consider the solutions (z1,y, 21, w1, hi) counted by Sa(d, e, f). By Lemma
2.2, for each 4-tuple (x1, 21, w1, hy) satisfying (4.6) and (4.8)-(4.10), there exists a
real number X with

1< X <2Q%3(def)™%/3, (4.20)

and linearly independent integral 4-tuples a and b with
la;| < BiQ'X and |b| <5Bi(def)TTQX Y2 (1<i<4), (4.21)

where

51 = f7 52 =€, 53 = d7 B‘l = defv (422)
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and satisfying the equations
arh) + aowy = sz + agry (o = a,b). (4.23)
We note that when a; # 0, the condition (4.21) implies that necessarily,
X >Q/B (4.24)

Solving the equations (4.23) for hy and w;, we obtain

)\hl = H1z1 + ", )\Ujl = U221 — V2T, (425)

where
A= a162 — agbl, H1 = agbg - (Igbg, Mo = CL1b3 — agbl, (426)
vy = a4b2 — agb4, Vo = a4b1 — a1b4. (4.27)

Further, by Lemma 2.1, for each triple (z1, 21, h1) satisfying (4.6), (4.8) and (4.10),
there exist integers ¢y, c3, ¢y with (c1,¢3,¢4) = 1 and

il <36:QY*(d%ef?)71/2, (4.28)
and satisfying the equation
Clhl — C321 — C41. (429)

We claim that for each solution (z1,y, 21, w1, h1) counted by Ss(d, e, f), there
exist integral vectors a, b, c satisfying the conditions of the previous paragraph,
and in addition satisfying either (i) a1 # 0 and Apjpe # 0 or (ii) a3 = 0 and
ao03C1C3 7& 0.

In order to establish this proposition we first observe that if cic3 = 0, then
(4.29) together with (4.8) and (4.10) implies that we have either c3z; = cy4x1 with
(r1,21) = (c3,¢4) = 1, or else c1h; = —cqxy with (x1,h1) = (c1,¢4) = 1. Conse-
quently, either xq|cs or x1|c1, whence by (4.28) and (4.22), we have

1] < les| <3QY2(ef*) ™7 or Jau| < ler| < 3QM%(d%e) 2

But (4.15) together with the inequality f < d implies that the latter inequalities
contradict (4.17), so that necessarily cics # 0. Suppose next that a; = 0 and
azasz = 0. It follows from (4.23) that if two of the a; are zero, then the two remaining
a; must be non-zero. Then by (4.8), (4.9) and (4.23) we have either azz; = —as24
with (z1,21) = 1 and agayq # 0, or else asw; = agxq with (z1,w;) = 1 and azayq # 0.
Consequently, either z;|as or x1|as, whence by (4.21) and (4.22), we have

71| < las] < 2(Qd)3(ef)™2/3 or |r1] < |ag| < 2(Qe)/3(df) /5.
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But (4.15) together with the inequality e < d implies that the latter inequalities
contradict (4.17), so that necessarily asas # 0. Thus whenever a; = 0, one has
a2a3C1C3 75 0.

Next suppose that a; # 0. Consider first the case A # 0 and pype = 0. Then
from (4.25), (4.9) and (4.10) we have either Ay = v127 with (z1,h1) = 1, or else
Awy = —voxy with (z1,w1) = 1. Consequently, in either case one has x1|\, whence
by (4.20)-(4.22) and (4.26),

21| < |A| < 10XY2471 < 15Q%/3d4/3(ef) /3,

and since d > e, on recalling (4.15), we obtain a contradiction to (4.17). Meanwhile,
if A = 0 and ps # 0, then by (4.8) and (4.25) we have usz1 = voxy with (21, 21) = 1.
Thus z1|pe2, whence by (4.20)-(4.22) and (4.26),

1] < [p2| < 10X 127t < 15Q%/ 343 (df) /3,

which in view of (4.15) contradicts (4.17). Then we are left to deal with the case
A = ug = 0. In this latter case, (4.25) and (4.6) imply that v = 0. But (4.26) and
(4.27) imply that a;b = bja, so that since a; # 0 we obtain a contradiction to the
linear independence of a and b. This completes the proof of our assertion.

Let S:gl) (d,e, f;Y') denote the number of solutions of the equation (4.5) satisfying
(4.6)-(4.11), such that there exists a real number X with Y < X < 2Y', and linearly
independent 4-tuples a and b satisfying (4.21)-(4.23) and, in the notation defined
by (4.26), satisfying the additional conditions a3 # 0 and Apque # 0. Also, let

S§2)(d, e, f;Y) denote the corresponding number of solutions with the property
that there exist triples (a2, as,as) and (c1, 3, cq) satisfying (4.29), (4.21),

asW1 = azz1 + asT1, (4.30)

and asascics # 0. Then by considering dyadic intervals for Y, and recalling (4.24),
one obtains

Sa(d, e, f) < (S1 + S2) log(2Q), (4.31)
where
&= QI <Y <QU(def)-21 S5 (de. f:7)
and

Sy = max S§2)(d, e, [3Y).
Q/e<Y <QY/3(def)~?/3

Let Sil) (d,e, f;a,b) denote the number of solutions z1, y, 21, wy, hy of the equation
(4.5) satisfying (4.6)-(4.11) and (4.25)-(4.27), and let Sf)(d,e,f;a, c) denote the
corresponding number of solutions satisfying instead (4.6)-(4.11) and (4.29), (4.30).
Then

S$(d,e, £;Y) < SV (dye, fra,b), (4.32)

a,b
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where the summation is over a and b with
la;| < 26;Q7'Y and |b;| < 56;(def)rQY V2 (1< i< 4), (4.33)
and, in the notation defined by (4.26), satisfying a; # 0 and Apjpue # 0. Also,

S (e, £;Y) <87 (dye, f1a,0), (4.34)

a,c
where the summation is over a and ¢ with

;| <28:Q7Y  (i=2,3,4) and |¢| <38,QY*(d*ef*)7Y? (i =1,3,4),
(4.35)
and satisfying asascics # 0.
We first estimate Sél). We substitute from (4.25) for hy and w; into (4.5) to
deduce that Sil)(d,e, f;a,b) is bounded above by Sél)(d,e, f;a,b), where Sél)
denotes the number of solutions of the equation

1, (Mdefxy, Ay, Adz1, e(poz1 — vaxy), f(p121 + vixy))

= z1(poz1 — vox1)(p121 + v121) Pk (Ad21, e(paz1 — voxy), f(p121 + 1121))
(4.36)

with z1, y, 2z satisfying (4.6)-(4.8). Observe that for each solution (z1,y,21)
counted by Sél), the equation (4.36) implies that

pi1 122 Pr(Adz, epiazy, frazr) =0 (mod 7).

Then it follows from the coprimality condition of (4.8) together with the homo-
geneity of ®j that

o1 |pp2®r(Ad, epiz, fu1).
Furthermore, since none of A, j11, po are zero, we have pug o ®g (d\, ey, fu1) # 0, so
that by using standard estimates for the divisor function, there are at most O(Q*)

possible choices for x;. Fixing any one such choice, and recalling the definitions of
Q. and Py, the equation (4.36) takes the shape

p(z1) +yz1q(y,21) +r(y) =0, (4.37)

where p(z1) is a polynomial of degree k, the polynomial ¢(y, z1) has total degree
k — 3, and r(y) has degree k — 1. It follows from Lemma 2.4 that the number of
possible choices for i and z; satisfying (4.7) and (4.8) is O(Q/**+¢). Thus

SV (d, e, f;a,b) < S (d,e, f;a,b) <« QV/F+2e,

and hence by (4.32),

$§(d,e, £;¥) < QVFH2E N1, (4.38)
a,b
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Next we note from (4.31) that we have Q/f < Y < Q*3(def)~2/3, so that by
(4.22), for 1 <i < 4 we have

BiQTY > B;/f > 1,
and on recalling the inequality 1 < f < e <d < Q'/3, for i = 2,3,4 we have
ﬁi(def)_lQY_l/z > @Ql/g(def)_z/3 > (Qe)l/g(df)_2/3 > Ql/S(d2f)—1/3 > 1.
Consequently, by (4.33) in combination with the above inequality on Y,

1< (1+Bi(den)TQV2) Q7 | [T 82YYA(def) !
a,b

i=2,3.4

< (1 + Q1/3(de)—2/3f1/3> Q7/3(d€)_2/3f_5/3_
Thus by (4.38),
S (dse, £5) < QFFETE (Q3(de) 2317 1 (def)42) . (439)

Next we estimate S§2). We substitute from (4.29) and (4.30) for h; and w; into
(4.5) to deduce that Sf)(d, e, f;a,c) is bounded above by Sé2)(d, e, f;a,c), where

SéQ) denotes the number of solutions of the equation
10, = ascrz1(asz1 + agry)(c3z1 — cax1) Py, (4.40)
with x1,y, 21 satisfying (4.6)-(4.8), where we have written
Qi = Qi (agcrdefry, azcry, ascrdzr, cre(aszy + agwy), as f(csz1 — cawy)),

and
O = Dy (agc1dzy, cre(aszzy + agwy), as f(esz1 — cqxy)) .

Observe that by an argument paralleling the treatment of S il), we have for each
solution (z1,y, z1) counted by SéQ), that

x1lazsascics®y(agcid, agcre, asesf).
Furthermore, since none of as, as, ¢1, ¢ are zero, we have
asazcicsPy(azeid, ascie, ascs f) # 0,

so that by using standard estimates for the divisor function, there are at most
O(Q¢) possible choices for z;. Fixing any one such choice, we deduce as in the
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treatment of Sil) that the number of possible choices for y and z; satisfying (4.7)
and (4.8) is O(QY/**+¢). Thus

Sf)(d, e, fia,c) <K SéQ) (d,e, f;a,c) < Ql/k-i-ZE’

and hence by (4.34),
S (dye, £;Y) < QY1 (4.41)

a,c

Next we note from (4.31) that we have Q/e <Y < Q*/3(def)~2/3, so that by
(4.22), for i = 2,3,4 we have

BiQTY > Bife> 1,
and on recalling the inequality 1 < f <e < d < Q/3, for 1 < i < 4 we have
6iQ1/2(d2ef2)_1/2 > Ql/Q(dQG)_l/Q > 1.

Consequently, by (4.35) in combination with the above inequality on Y,

Y 1B Y (dPef?) V2| [ BrQTRY (dPef?)

i=3,4
< Q5/2(d61/2f2)_1.
Thus by (4.41),
S5 (d,e. 1Y) < QFTET (et )7, (442)
Finally, combining (4.39), (4.42), (4.31), we find that
ST Salde f) < QFFEFEV(Q), (4.43)
1<f<e<d<Ql/3
where
V@ = 3 (@) g (def) 4 QO (A2 )
1<f<e<d<Ql/3
But

V(Q) < Z <Q_1/3(de)_2/3+(de)_4/3+Q_1/6(del/2)_1>

1<e<d<Q/3

< Y (QUdp ALY <.
1<d<Q/3

Thus, on recalling (4.18), (4.19) and (4.43), we deduce that

My(Q) < Q3 Fmt,

and this completes the proof of the lemma.
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5. EXECUTION OF THE PLAN: THE EVEN CASE

We consider the case in which k is even in Lemma 5.1 below. By combining
Lemmata 4.1 and 5.1 with (3.11), the proof of our theorem is completed.

Lemma 5.1. Let k be an even integer with k > 4. Then

Mip(Q) <ep Q5FFTHe,

Proof. For the sake of convenience we write
Tk(zt,y,z,w,h):y\Ifk(x,y,h+z+w—:B—y). (51)

Then on recalling (3.12), we find from (3.14) that My(Q) is equal to the number of
solutions of the equation

xYk(z,y, z,w, h) = zw¥(z,w, h), (5.2)

with z, y, z, w, h satisfying (3.8), (3.9) and (3.13).

Since k is even, it follows from (3.15) that Uy («, 3,7) is symmetric in « and g.
Moreover it follows immediately from (5.1) that for each x and y the polynomial
Ti(z,y,,B,7) is symmetric in a and (. Thus if z, y, z, w, h is any solution
of (5.2) counted by My (Q), we may relabel z and w so that the pairwise highest
common factors with x satisfy the condition

(z,z) > (w,x). (5.3)
Write d = (z, z) and e = (z/d,w), and put
x1 =xz/(de), z =2z/d and w; =w/e. (5.4)

Then (z1,z1w;1) = 1, and from (5.3) one has d > e. On substituting into (5.2) we
obtain
11Tk (dex1,y, dz1, ews, h) = z1w1 Wi (dz1, ewy, h). (5.5)

We now estimate M (Q) using an argument strikingly similar, though simpler,
than that used in the proof of Lemma 4.1. In order to curtail our deliberations,
we adopt the convention throughout the remainder of the proof of this lemma that
f =1and h; = h. Let Sy(d,e) denote the number of solutions (x1,y, z1, w1, h)
of the equation (5.5) satisfying the conditions (4.6)-(4.11), let S1(d,e) denote the
corresponding number of solutions subject to the additional condition (4.16), and
let Sy(d,e) denote the corresponding number of solutions subject instead to the
additional condition (4.17). Then it follows from the above discussion that

My(@Q) < Y So(d,e)+ > (Si(d.e)+ Sa(de)). (5.6)

de<Q de<Q
a>Q'/? 1<e<d<Q'/?
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We first observe that from (3.10), (3.14) and (5.1), the equation (5.5) implies
that the equation (4.13) is satisfied. Thus the arguments leading to (4.14) and
(4.19) remain valid, and we deduce that

S Solde)+ Y Si(de) < QiTETTE (5.7)
de<Q de<Q
d>Q/3 1<e<d<Ql/3

We estimate Sa(d,e) when 1 <e <d < Q1/3 as in the argument used to estimate
Sa(d, e, f) in the proof of Lemma 4.1. Let Ul(l) (d, e; a, b) denote the number of solu-
tions (z1,y, 21, w1, h) of the equation (5.5) satisfying (4.6)-(4.11) and (4.25)-(4.27),
and let Ul(Q)(d, e;a, c) denote the corresponding number of solutions satisfying in-
stead (4.6)-(4.11) and (4.29), (4.30). Then it follows, as in the argument leading to
(4.31), (4.32) and (4.34), that

Sa(d,e) < (71 + 12) log(2Q), (5.8)

where

= 1) (g e
' QSYSCIQI‘}%}Ede)—Z/saZl;Ul (d,e;a,b),

_ (2) .
= Q/egygrg?/}g(de)—z/s ; U7 (d, ;2 0),

and the respective summations are over a and b satisfying (4.33) with (4.22), and
in the notation defined by (4.26), subject to a; # 0 and Apqpe # 0, and over a and
c satisfying (4.35) with (4.22), and subject to agagcics # 0.

On substituting from (4.25) for A and w; into (5.5), we deduce that Ul(l) (d,e;a,b)

is bounded above by U2(1) = Uél)(d,e;a, b), where Uz(l) denotes the number of
solutions of the equation

21Ty, (Adex, Ay, Adzy, e(p2z1 — vax1), 121 + v121)
= 21(p221 — v2w1) W (Ad21, e(p221 — vax1), 121 + 1121), (5.9)

with 21, y, 21 satisfying (4.6)-(4.8). Observe that for each solution (x1,y, z1) counted
by U2(1), the equation (5.9) implies that

o2 Wy (Ndzy, epnzy, p1z1) =0  (mod 7).

Then it follows from the coprimality condition of (4.8) together with the homo-
geneity of W, that

212V k (A, ez, p1).

Furthermore, since neither A nor ps, are zero, we have pusWy(Ad, ez, 1) # 0, so
that by using standard estimates for the divisor function, there are at most O(Q°)
possible choices for x;. Fixing any one such choice, and recalling the definitions of
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T and Uy, the equation (5.9) takes the shape (4.37). Thus, as in the argument
leading to (4.38), we obtain

Ul(l)(d7e;a, b) < Uél)(d,e;a, b) <« Ql/k+2€,

and hence, following the argument leading to (4.39), we obtain

S UV (d e;a,b) < Qi FETE (Q*l/i”(de)”/?’ - (de),4/3> : (5.10)
a,b

Next we estimate Ul(z). We substitute from (4.29) and (4.30) for h and w; into
(5.5) to deduce that U1(2)(d, e;a, c) is bounded above by UQ(Q)(d, e;a, c), where U2(2)
denotes the number of solutions of the equation

1Ty = c121(azz1 + agx) Yy, (5.11)

with x1,y, 21 satisfying (4.6)-(4.8), where we have written
YT = Yk (azcidexy, ascry, ascidzy, cre(aszzy + agxy), az(csz — caxy))
and
Uy = Wy (agcrdzy, cre(aszy + agx1), az(cszy — cqxy)) -

Observe that by an argument paralleling the treatment of S il), we have for each
solution (z1,y, z1) counted by U2(2), that

x1|asc1 Vi (azerd, azcre, ascs).
Furthermore, since none of as, as, c1, c3 are zero, we have

azc1 Vi (agcerd, azere, ases) # 0,

so that by using standard estimates for the divisor function, there are at most O(Q*)
possible choices for x;. Fixing any one such choice, and recalling the definitions of
T) and ¥y, the equation (5.11) takes the shape (4.37). Thus, as in the argument
leading to (4.41), we obtain

UP) (d,e;a,¢) < USP (d, e;a,¢) < QY4+,

and hence, following the argument leading to (4.42), we obtain

—1
> U (desa,c) < QFFETE (det/2) (5.12)
Finally, combining (5.10), (5.12), (5.8), we find that
S Sa(de) < QSFETEV(Q), (5.13)
1<e<d<Q1/?
where
V) = > (@A) 4 (de) 4 QMO ) < 1.
1<e<d<Q1/?

Thus, on recalling (5.6), (5.7) and (5.13), we deduce that
Mi(Q) < Q3o

and this completes the proof of the lemma.
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